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[.ascr-Induced Line Narrowing Eifcct in Coupled
Doppler-Broadened "['ransitions
M. S, Ield and A Javan

ABSTRACT

The line shape of a Doppler-broadencd transition is drarnatically
altered by the presence of a laser field resonating with a second Doppler-
broadened transition sharing a common level: two nirrow resonances of
different widths appear superimposed upon the oroud background signal
at frequencies symmectrically located about the corresponding line center,
The cffect has already found application in a number of seemingly differ-
ent though intimately related studies, ineluding high resclution h, £, s,
and isotope shift determinations.  ‘The theory of the coffeet is developed
with reference to these applications,  The treatment 15 formulated in

terms of transition rates induced by two classical ficlds resonantly inter-

acting with a pair of coupled Doppler-broadencd transitions of arbitrary
frequencies. The perturbation approach adopted is valid for one field
fully saturating its transition; the resulting line shape expression exhibits
important power broadening effects. This approach is equivalent to the
familiar density matrix formulation, which is also presented. Various
features of the resulting expression urc discussed in detail as they apply

to two precision specetroscopic applications, Mode Crossing and Sponta-

neous Emission Lince Narrowing. The connection with previous work is

also discussed.
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I. INTRODUCTION

(1)

It is well known
laser transition is dramatically influenced by the presence of the laser field.
This may be demonstrated by scanning the gain profile with a weak, mono-
chromatic probe field colinenr with the laser field: As the probe field is
tuned through the transition, two identical sharp decreases in gain appear
superimposcd upon the broad lineshape, one at the laser frequency and one
svmmetrically located on the opposite side of the atomie line center,
[(Fig.1(a) }. These resonant decreases oceur because the stunding-wave field
within the laser cavity selectively interacts with atoms whose vetocities
Doppler-shift one of its travelling--vave components into resonanee.  This
produces changes in the laser level populations -- an increase in the lower
level population and a decrease in the upper level ropulation-- over two
intervals symmetricaliy loeated ahout the center of the velocity distribution.
These changes reflect themselves in depletions in the gain profile over the
corrcsponding frequency intervads, The extont of these intervils is
derermined by the natural widths {(or, more generally, the homogenceous
widths) of the atomic transitions.

In the foregoing discussion it is assunied that the laser field is de-
tuned from w,, the atomic center frequency. As its frequency approaches
within a naturai width of w,, the two resonant decrecases merge into a single
one, However, let us primarily consider those cases in which the laser fre-

queney is detuned and the change signals are well resolved,

that the overali gain profile of a Doppler-broadened



The line shape of a second Doppler-broadened transition formed by
cither of the levels of the laser transition and a third level is also c.nnsidor-
ably altered by laser oscillation: Scanning as before the gain (or attenuation)
profile of this transition with & weak probe field, one again finds two sharp
resonances at frequencies symmetrically located about the corresponding
line center. These change signals differ from those of the laser transition
in one remarkable aspect: one can be considerably narrower than the other.
[Fig. 1 (®)].  We shall refer to the widths of the broad and narrow change
signals as IB and IN’ respectively. For example, 1if the
center frequency of the coupled transition (0 -1) is close to that of the laser
transition (0 - 2) then, for « weakly-saturating laser ficld, I‘N =Y+ Y and
FB =y, t Yy + 270, with 'yj the decay rate of level j. In comparison, the
change signals of the laser tranzition arce each of width I‘L =Yoo tvay

Similur lineshape features would be observed in the closely related
situation in which the fluorescence from either of the laser levels to a third
level is monitored along the laser axis. Note that the resulting spontaneous

cmission smectrum directly follows the spectrum of emission stimulated by

a weak probe field tuned through the coupled transition when the lower level
populatior: of the coupled transitionisignored. Asanillustration, suppose the

laser field were tuned to the low frequency side of its Doppler profile: For emission

originating in its upper level, the liser-induced change signals would appear

as resonant decreases of widths l‘N hclow wy and IB above @y with w, the




fluorescence center frequeney. In contrast, emission originating in the

lower laser level would result in resonant increases with the positions

of the broad and narrow change signals interchanged. A further note-
worthy di-tinction is the differing radiative origins of the change signals:
in the former case they result primarity from double-quantum transitions,
while in the latter case they are primarily due to single-quantum tran-
sitions. This important distinction is claborated below.

Since l”N and IB are generally much rarrower than the Doppler
widths we shall refer to this effect as "Lascr-Induced Doppler Line
Narrowing".

As has been noted, the stimulated and spontanecus versions of
Laser-Induced Doppler Iine Narrowing are different manifestations of
the same basic quuntum-mechanical offeet, Nevertheless, important
applications of these versions bear little res.mblance to one another on
the surface. A major purpose of this paper is to relate the basic effect
ta these intimately connected though secemingly different applications.

In somie of these IB >> I‘_x-, causing the differing width characteristic-
to reveal themselves in particularly striking ways.
Several puibications dealing with details of the line shape in various

(2-8}

. o . (2)
special cases have appeared previnusly, The initial presentation™’ by

Schlassbers and Javon, a quantum-mechanical anatysis of the third-order

polarization induced by two classical fieids, demonstrated the apph abitity

of the narrow resonance Iy 10 high-resolution studies of closely-spaced

IEhb




Doppler-broadened laser transitions [Mig. 2()]. The latter treatment also
tpplies to a cascade system [Fig. 2(c)] in which the middle level lies about
halfway between the upper and lower levels. Subsequently, Notkin, Rautian
and Feoktistov presented o quantized field ':1i(‘ul:ltinn(4) which deseribed
the spontancous emission spectrum arising from one of the levels of @
weakly-saturated laser transition. A recent (lis-;(:us:s‘inn(s) by liolt, formu-
lated on the basis of two-photon transitions induced by the laser field,
analyzea the frequency profile ¢f the sypontaneous emission arising from the
lower laser level [Fig. 2(¢)]. This treatment neglects single-quantum
events and would not apply, for examiple, to the case of spontaneous emis-
sion arising from the upper laser level. The treatment of Ref. 4, how-
cver. is valid in either case. A subsequent lette1(7) by the present authors
anaiyzed the spontaneous and stimulated versions of Laser-Induced Noppler
Line Narrowing experiments by means of a classical field approach,
emphasizing their close relationship: the theoretical treatment took into

account the influenee of both single-quantum and double-quantum transitions,

and included, in addition, intensity-dependent line broadening (?ff(‘(‘tb.( )
_ (7>
The present paper is, in part, an elaboration of that letter, and

contains additional detailed discussions.  The treatment is formulated in
terms of transition rates induced by two classical fields resonantly inter-
acting with a pair of coupled Doppler-broadened transitions of arbitrary

(10)

frequencies. The method ol analvsis is an extension of the one’” “‘adopted

some time ago in caleulating the line shape details of u three level maser,




In this approach two distinct processes emerge: the tirst, a double-qguantum
transition, involves the exchange of o photon with each of the two applied
fields: the second, an inherentiv single -quantum act. includes the influence
of one field on the rate at which single-quantum transitions are induced by
the other ficld, This distinetion is not apparent in the usuad density -matris
formulism in which the induced polirizaition is colenbiied, The two ap-
vroaches are, of course, equivalent: their counccetion will be elavificd
helow. Morcover, the theoretical approach adopted is not restricted to a
third-order polarization ~aleulition, and s valid {or one field fully
saturating its transition: the resulting line shape expression exhibits im-
tortant power broadening ¢ffects. We are able to obtain such an expression
because in the applications discussed .ere it is generally sufficient to con-
stder the standing-wave laser field to be detuned from the center of its
Doppler-broadened gain profile. Then its travelling-wave components do
not couple to each other und, conscquently, may be treated independently,
Furthermore, major applications and their important physical features are
adequately described by considering the weak {ield gain of onc transition us
influenced by a fully-saturated coupled transition: the approach may bhe
readily extended, if necessary, to include higher order effects,

The approesch of Notkin, Rautian and I-‘vnktistnv,u) which caleulates

the laser-induced spontaneous emission spectrum, is complementary to onrs.

That treatment is formulated considering both radiation fields in quantized
form. The actual calculation is somewhat simplificd, however, by con-

sidering the laser field in its classical form, a procedure of course,

ia
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lustifiable for radiation oscillators in states of high excitation. The spon-
tancous emission ficld, however, is kept in its quantized form. The
introduction of ficld quanta leads naturally to a mathematical development
considerably different from our classical field approach. The computa-
tions ore rather involved, and relevant results arc obtained only for a

w akly-saturating laser field,  As discussced below, the latter resuits
agree with the weak-saturation limit of those ohtained here, In the dis-
cussions cf Ref. 4 the connection with experimentul obsc.-rvations(] 1,12)

(2)

and theory'™’ of an earlier stimulated version of the effect has not been

made. This connection, which is not apparent on the surface, is clarified
below.

The calculation of the Doppler-by naden-d response is carriced out
in i’art II. Scetion IIA considers the interaction of two monochromatic
classical travelling-wave fields with a group of three level atoms moving
with fixed veloeity.,  One field is assumed to fully saturate the transition
with which it resonates; the second field, assumed weak, prohces the coupled
transition. The emitted power at the probe frequency is calculated in terms
of transit.on rates, as indicated above. The subsequent average over atomic
velocities, which leads to the Doppler-broadened travelling-wave response,
iz outlined in Section IIB, together with a discussion of the resulting line
shape. The extension of the travelling-wave analysis to stunding-wa s¢

applications is presented in Section [[C, which also discusses the specifically

=xt A T R o e -—M




standing-wave ¢ fects arising when the intensc field is tuned to its atomic
center frequency. Wherever possible, the presentation of detailed alge-
braic maaipulations and proofs has been deferred to Appendices,

Part III discusses, ..y example, important features of laser-
induced Doppler Line Narrowng., Section IIIA examines the frequency
dependence of the atemic response prior to Doppler averaging. Section I[T1I8
continues by discussing the extension of the line narrowing effect to the
spontaneous-emission version mentioned ahove, explaining the connection
with earlier formulations. [n Scetions IIC and IID two important appli-
cations are examined in detail: The first,(“)a technique involving two
classical fields, enables structure of Doppler-hroadened syvstems with
closely spaced levels to be measured with great accuracy., This tech-
nique has alreadv been empleyed in measuring hyperfine structure“z’ and

paramagnetic properties (13)

of several excited atomic levels. Thre
second, (14) based upon the spontaneous ernission version, has been utilized
in isotope shift(ls’ and linewidth paramete (16.17) measurements in Ne,
The results of this paper are also direetly applicable to the extra-
nrdinary behavior of atomic Oxygen fine-structure laser oscillutions at
8446& (18) already briefly discussed in Refs, 3, 7 and 18, In that case
other physical processes, entirely unrelated to the present discussions,
are of great importance. We prefer to discuss these together in a separate

(20)

publication which will utilize expressions derived below,
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I1. DOPPILER-BROADENLED GAIN

We now proceed to calculuate the interaction of & weak, mono-
chromatic probe field with one of the transitions of a Doppler-broadened
three level svstem, as influenced by a saturating field resonating with
the coupled transition. In order to deseribe applications within a Fabry-
Perot cavity one must consider the possibility of fields in the form of
standing waves, as well as travelling waves,  [Yor reasons given helow,
the major features of important standing-wave spplications may he
understood by analyzing the case in which the intense field is detuned from
the center of its broad Doppler profile. Consigerable simplification then
results, and the standing-wav  response may be apalyzed in terms of
pairs of travelling-wave fields interacting with the respective transitions
of the three lcvel system. As will become evident, the relative propaga-
tion direction of p: ohe and saturating ficld eomponents is of crucial
importance: fields propaguting in the sume direction lead to a probe-field
line shape which is sirikingly different from that due to oppositely-pro-
pagating ficlds.

The atoms of a Doppler-broadened gas may traverse many wave-
lengths of the applied fields before decaying., We adopt here the simple
picture of utomic motion in which an atom produced in 4 particular state
travels undeflected with constant velocity as it decays, The calculation
of induced emission mayv be divided into two stoges: The responsc is first

obtained for a band of three ievel atoms within & narrow range of axial




"
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velocities interacting with the  pplicd travelling-wave fields; this quantity
is then summad over the entire distribution of velocities, thus obtaining
the complete emission profile. T'i-e first stage, the csleulation of the
ensemble-averaged travelling-wave response, may be carried out in
several ways. The induced dipole moment of an atom produced in a
given state may be calculated from the Schrodinger ecquation. Fquiv-
alently, one may calculate the rate at which an atom produced in a given
state makes transitions to other states. In either case the response of
the entire velocity ensemnle is obtained by averaging the quantity cal-
culated over all initial conditions. The transition rate approach, which
has the important advantage of identifying the various radiative processes
by which an atom emits and absorbs photons, is presented in Section A,
The connection between transition rates onvd induced dipole moments is
examined in Appendix 13. An alternate derivation of the line shape using
the ensemble-averaged density matrix cquations of motion, and related

discussions, are presented in Appendix C.

A. Ensemble-Averaged Response: Transition Rate Approach

The resonant interaction of two monochromatic fields, :1 and EZ'
with a three level system was treated in Ref. 10 for cases where Doppler
broadening is negligible (e, g., the microwave region) and the decay rates,
considercd equal for «ll three levels, were assumed to result from hard
collizions. The perturbation method consisted of first obtaining a closed-

form solution to the Schrodinger cquation for 1'21= 0 and E2 arbitrary, and

then using this result to generate o sotution valid to first order in El' The

i
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present section is, in part, a generalization of that method valid for ievels
with differing decay rates.

Ti.e three level systerms to he studied are of the type shown in
Fig. 2(a), (h), (¢). Level 0, the common level, is coupled to levels 1 and
2 bv clectric dipole matrix elements Hio and Hoq» respectively.  Denote
the energy of level j by ’nW‘i, ani let le- WO! = wj; wy ant wgy full in the
optical-infrared region we shall assunie (wl - °"2) is large compared to
the natural linewidths. In the present Section we consider the "inverted-
V" level configuration, in which ievel 0 lies highest [Fig. 2(a)]. The
treatrnent is easily extended to cases in which level 0 lies below either or
both of levels 1 and 2. This extension is discussed in Appendix C,

The system interacis with & strongly saturating ficld I-Iz(z, t:e) at
92, a frequency close to Wy T e resonance at w, is probed by the weak
field I‘Il('/., t) at vuriable frequency Q] . To allow {or both possible relative
propagation directions, I-I] (7, 1) is taken o be travelling in the positive
(+ ) direction, while I'Iz('/.,l;c) miy propagate in cither positive €= 1) or
negative (- - 1) directions,  Specifically,

162, 1
. SO ko sh A )= R
E’l (z, 1) hl cos (Qlt k11.+ ol)- A1 (z)e + ec.c,

and (1 a)
o iﬂzt
E2 (z,t;e)=E2cos(92t-ck22+ ¢2)= A2 (z;¢)e +c.c.,

with kj= ijc; thus
id, -ikyz
.10 1 1
A1 (z)——z.Elc

and (1 b)
idy - iekgz
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Consider an ensemble of atoms at given position and time, and
moving with axial velocities in the narrow interval between v and v+ dv,
In a coordinate system in which the ensernble is at rest the incident fields

appear as E'l(z, t) and E;z(z, t;e), with E; identical to Eqgs. (1) except ihat

due to the Doppler effect,

Note that in this section z and t always refer to the coordinates in the

moving frame. The total Hamiltonian for the system is
H=H,+V(@t) ' (3)

where H ) is the Hamiltonian of an isolated atom with stationary states

d/j(ﬁ) of energy 'th:
H ¢.= dW.¢. , j=0,1,2 . 4
o¥j Jd/J J (4)
The ensemble is coupled to the applied fields by the interaction Hamiltonian

V()= -uE' (z,t) (5)

in which g is the electrie dipole operator and E' - }'J'1+ 1'2'2. The time

evolution of a particular member of the ensemble is determined by its
wave function ¥, which may be expanded in terms of the stationary states

¢.:
J
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2
VRO o0, ®) (6)
Jl_;o W at

with ej(t) the probability amplitude of level j. The equations of mation
for the cj's may be obtained in the usual manner by inserting Igs. (3) -
{6) into the time-dependent Schrodinger equation H¥ = j 59 ¥/ot,
multiplying on the left by ""i*’ and integrating over all space [R). Going

over to the interaction picutre by means of the transformation

iWJt

> (1) = e.{t . 7

°3( ) cJ( e (7)
one obtains:

¢, - Z a;e; (8)

3
in vthich
‘ i(V\'-i - wj)t

uij S o ; Vij ¢ ; (9)

P !

\ij uijE r.t) . (10)

(In the above equations R indicates the electron coordinates in the atom!'s

- - . . "
reference frame and r is the position vector of the atom's center of mass

in the moving frame. )

Equation (8) describes the evolution of an undamped atom. The

effects of radiative decay may hec includcrl(znhy modifying (8);

: 1
.= d..-—- v.6..)c. .
i Z( ij"2 7 %) (11)
j




Note that in the absence of applied fields (11) leads to exponential decay of

level j with decay rate Y5

2 g Y-t
ch(t-t')l = ch(t')l ¢ (12)
Equation (11) may be simplificd by the substitution
+ % v.t
dj (t) = ¢ (t) e J , {13)

which yields a set of coupled equations of exactly the form of the undamped
cquations of motion (8):
di = 7 bij dj > (14)
]
with

bij = aij e c (15)

The system of equations(11) [or its equivalent, (14)] must be solved sub-
iect to the appropriate initial conditions, Generally speaking, immediately after
its creation the wave function of an atom is a mixture of stationary states with
arbitrary phase factors. Thre random nature of these phase factors, however,
niakes possibie the assumption that the atoms arc produced in the pure states,
levels 0, 1 and2. In considering the excitation of these levels one may dis-
tinguish between transitions induced by the applied fields and background
excitation arising from incoherent processes. The latter are responsible
for populating the levels at rates which may be assumed to be independent
of the applied ficlds;(22)accordingly, background atoms uare produced in level
k at a rate n__ 7., where n, is the number of atoms with velocity component v

in level k in the absence of applied fields.

i o
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W adopt the notation cj(t;to, k) to indicate a solution to (11) for an atom

produced in level k at to.(23) The appropriate boundary conditions are:

.ew’j :

Cj(to;to, k) = 6k3

(16)

in which the (pj's are unimportant arbitrary phase factors. The transition probability
to another level, level j, at subsequent time t is !cj(t:t”, k)! 2. The prob-
ability of an atom in level j decaying in the interval hetween t and t + ¢t is
v.dt, Thus, for an atom produced in level k at to’ the traunsition rate to level

j is:(24)

_ 2
¥l eyt K. (17)

Considering that the rate of production of atoms in level k is 0 Yo the

ensemble-averaged transition rate between levels k and j is:
t

’ 2
LV I 'Y.i S I(‘I (; o k) dt“ = nk .]k.

i , (18)

-
which defines ']kj'f the ensemble-averaged k— jtransition rate per atom
produccd in level k.

In order to estimate the net emitted power induced by E!, all
events in which a photon is emitted or absorbed at Q'l must be considered:
An atom which is produced in level 2 and subsequently decays from level
1 at rate le must, by necessity of energy conservation, exchange two
photons with the applied fields, a photon absorbed at 9'2 and a photon
emitted at Q'l [ Fig. 2(a)]. In contrast, an atom which is produced in

level 0 and subsequently decays from level 1 at rate JOI must emit a
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1

1 . sa
Ly by the reverse processes, numely. single-quuntum transitions from

single photon at Q An atom produeced in level @ absorbs photons at
levels 1 to 0 and double-quantum transitions from levels 1 to 2. The net

rate of emission of photons at Q'l is therefore

@= n2J21 + nOJ01 -0y (Jlo+ le) , {19a)

and the corresponding power emitted is:

@) = nel@® . (19b)

\ N . : s 13 3 o, . P
Note that in the limit of h2 0, .]21 and le should vanish, and J01 and

J10 chould reduce to the usual transition rates for a two level system.

In the formulation presented Fere the elementary act of transition
from level k at 15 to lavel jat t is deseribed in terms of its corresponding
transition probability, Ic]. (t:t,, K)I 2. [t is evident on very general grounds

that the reverse act of transition is equally probable:

2 .
loj (it K1Z = ey (1, )12 : (20)

This point is discussed further in Appendix A. It immediately follows that

ka: ij, and (19a) simplifies to

@= (n2 = nl) Iy t (no- nl) To1 , (21)

a convenient form for calculation.

[t is v.orth noting that Eq. (19) utilizes the fact that the atomic
ensemble on the average exchanges electromagnetic energy with l-ll in
units of h Q!

1° This is interesting. since throughout our formulation we

have dealt with classical fields exclusively. In fact, in calculsting the
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emitted power it is not necessary to explicitly introduce the concept of

(3)

field quanta; instead, one may evaluate the expectation value of the
e . -— .
induced dipole moment, S v eRV (l'j R. Then the ensemble-averaged
. . 1
polarization at Qi for atoms produced in level k is

t
Koy - & _
Pj(t)-nk'yk 2Re l[“

(v

Ea

0 e].* (t: to, k) e (t; to, k)Jdtn , (22)

and the net power emitted is

'y <k 1 4
1, @)=-<z PEOE (0 > 23)

k time average
In Appendix B, using density matrix notation, it is shown that Eq. (23) leads
to I (@)) = n2}® , Eq. (19b), wherefQ is identical to Eq. (19a). This is
accomplished by calculating the power emitted or absorbed by atoms pro-
duced in particular levels, starting from Eq. (22). For instance, in tnis
way it is shown that for atoms produced in level 2 [Fig. 2(a)], the emitted
power at Q'l is given by ﬁ(z'ln, .12] , while for atoms produced in level 0 it
S '
is given by hszl ng JOl'

We proceed to calculite the emitted power in terms of transition

rates, Eq. {21). The explicit form of the cquations of motion (14) are:

) is,t i6,t
= % 2 @
do a*e d1 +ige d2 , (24a)
-iblt
d1 = iae do o (24b)
. -id, t
dy=ip¥e 2y (24c)

il
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in which

S VAL
(25)

Hog /P

B

and 16, = i(w, - Q)+ l(‘y - +v.). In writing (24) anti-resonant terms have
k k k 2 0 'k ?

been neglected, since their influence is negligible when <yE> << hw]..

From iEqgs. (13) and (16), the uppropriate boundary conditions are seen to

be

1 g
di (toi t, k) = &y ; 2T (26)

A solution to this set of equations for all values of E2 and for weak
El may be obtained by means of a simple perturbation technique.(m) This
procedure, however, involves lengthy expressions. To present the im-
portant steps in a concise manner, a number of symbols are introduced.
For the convenience of the reader, these are collected in Table I, Addi-
onal details regarding the perturbation technique will be found in
Appendix A,

Consider an atom produced in either level 0 or 2; In the absence
of coupling through o (i. e. o = 0), (24b) yiclds dl = 0, while (24a) and (24c¢)
reduce to the equations of motion of a damped, two level system., The

solution is straightforward: for an atom initially in level 2,
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{1 . .
a2 P . 20 g, T iq_T
. AYE + -
(}l(; (t: tu’ 2) = g3 “L(t()' Ly 2D {0 - ) , (274)
s

. . -igq_T -iq, T .

d; (t: t _2):M(q+ ¢ -q ¢ * ) (27h)
o) = -

In these equations the superscript u designates the parameters of the un-
1/ 2 2 I 1. .
coupled system and T=t- tyr 5° 62 +41317 and q_ = 5 (02_+ s). By virtue

of symmetry, dg(t;to, 0) may be obtained from d;(t;to, 2) bv replacing
dz(to;to, 2) by do(to;to, 0) and q_i_ by -q+ Fora# G, dl no longer ‘ranishes:
an approximate expression, complete to lowest order in @, may be oblained

by integrating (24b) with d,, replaced by d:
t

- 16, t

. ~ | ! , 4

d(tt, k) = ia Se dg {t"to, k) dt'; k=0,2 . (28)
t\)

1

For «n atom initially in level 2, substitation of (27z) into (28), and using
(13), yields:

1 . ! in, T in T
zots N T~y - w0t} e n-
e, ity =28 271 ¢ aralto¥elie T i T 1) gy
3 R S n- J
3 rhi ! - a - . - - .
in which @, = Q:?- Q'l, Wy * wg= @y, and g, - Ay - &, Similarly, c (t:t, 0)
may be obtained by substituting dg (t; ty, 0) into (28);0ne finds:
. _a, 32
Cl (t:t,, 0) <

v N . . . .
{lael{(gl ul)tr)YO'{JIQ+[(:IT.‘-'I-1)-(1 [l'l1|+i-]l‘

, (36
n. LN | G

)




I'ABLE i:

Syrabols Used in Caleulation of Transition Rates, Egs. (31) and (32)

'L Lot
921 = $22 Ql
¥21 7 Yooy
L
d).(t;t.',,l<)=c‘.j(t;to,k)e2 J

N )
lok- l(wk Qk)+§ ('YO' /k)
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24._4 3;'3!2

S§= 62

@ = pygh

B=ugphy b

T = t-t,




In accordance with(18), Jmand J2 lmay pe obtained by integrating | c i 2 ,
1

obtainred from Egs. (29) and (30), over t,; one finds:

2 2 [
fet181” 1 1 1 2
521“’1"2-‘—"—"2‘ Re ) AT ol — |
Isl AL ] 71-1(n+-11+) Yy-ing
+ 1 -{1_ + _1 - - 2_ \ (31)
|q_12 v, Y1-1n=nd) Yi-1ng -
] 2_[_1-+ 1 [ W U (O
LT T e ] 71'i(r1_-r1+*) Y1~ in- Yl+ir]+*J ’
2 2 .
J :70713’_‘—‘" l{eJ.‘_q.:_l_‘_.\..l_+_,___l___———-_l_-_ﬁ.__--—1l
01 512 12 1N Yimiln- X)) Yim b
2
+1q+| 1., . 1 _ 2- j (32)
‘.q_‘?, 71 71-1(11_-11_*) Yi1-in
_29-*g4+ H_l_+ 1 A ) 1 }
¥ e L7y Yp- i Y1-in- 71+in+*j‘

The constituent terms of (31) and of (32) may be combined ~nd simplified in

a straightforward {though lengthy)' manner to obtain:

Y20
« 'I_l '2——‘ 1{
Jm:zzaaz;z%z mi2 T L (33)
AB »,
Y20
‘ L.-2220 g
‘ 2
o 1at2 B aoipt? Yo L . (34)

Jo1 B o
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Here,
4+ 2
2 20 2
As L 1%+ —22 13 , (35a)
2 LORD)
P,-—-Rl,l*+ g1 {35b)
| ' .
Ll = Al 17, , (36:)
_ 1
L.‘g ~-A2+1720 s (36b)
_ [ 1 .
R= (AI-AZ)-I‘Y21 , (36¢)
1 1
A= QJ.-wJ. , (37)
and
‘y..zl('y.-l“y.)
o2 38)

As cxpected, for IBI?‘~ o, J21 approaches zero while JOl reduces to

2 3012 710'/ I Lllz, the usual expression for the 0— 1 single-quantum
transition rate. Accordingly, ‘he laser field nanifests itself through
two separate radiative acts: 1), it gives rise to a double-quantum tran-
sition rate .121; 2), it modifies the single-quantum transition rate JOl'

As discussed in Section IIIA, below, for Ql tuned close to w, and '

1 2
close to w, the magnitude of Jg, is of the same order as JB the 8-

01’
dependent portion of JOI' Atdetuned frequencies, however, J21 may
be considerably larger than Joﬁl' In fact, at detuned frequencies Joq

reduces to the familiar expression (25) for Raman transiticns be-

tween levels 2 and 1. [See Section [T1IA for further details. )




- 24 -

Having obtained explicit expressions for le and JOl’ the net rate

of emission at Q) in the moving frame follows from Eq. (21):

1
R -2’ mPwo . (39)
720
L,~2— R
o ; R 2 "27 %Yy 40
Dw, )= tny - ngi+ tny- ng) 1817 2_T0__ (40)

As in previous notation, the variable ¢ specifies whether E1 and E2 propagate
in the same direction (e = +1) or in opposite directions (e = - 1). In the
laboratory rest frame photons are emitted with energy h,. Thus, in that

frame the contribution to the emitted power from atoms moving with axial

velocity v is
2 (41)
ne 2lel® Im Hive) .

Setting all the ‘Yj equal, (41) reduces identically toexpressions obtained in Ref.10,
where hard coliisions were introduced as the mechanism of decay. The

(26)

detailed features of that line shape have heen fully verified in the micro-
wave region where velocity broadening is negligible., The reader is referred
to Refs. 10 and 26 for additional details,

In the formulation presented above the suturation effects manifest

themselves as nonlinear intensity dependences of the transition rates. The

level populations, ni, enter into the expression for the net emission rate
through the background excitation rates nj-y]., whicl: are assumed independ-

ent of the applied fields.(27) Nevertheless, the ensemble averages of these




populations, ﬁ]., do depend on the intensities of the appiied fields, These
average populations may be computed in a straightforward manner by con-
sidering the average number of atoms found in level j due to production of

atoms in all possible initial levels k:

t
- ' ‘ 2 1\
n, - }/ N Vg g ICJ. (t;t,, k)T dt, - 'Y_J'Z'_a nkaj . (42)
k - k

The right hand expressioui immediately follows from the definition of ka,
Eq. (18). It should bhe noted, however, that the average level populations
_ﬁj do not enter explicitly into the expressions for the power emitted or

absorbed at 32'1 and 9'2. That these quantities are related to the net rate

of photon emission may be scen as follows: It is shown in Appendix B

[Eq. (B19b)] that the transition rates are connected by the relation,

U l Tk (43)
k

This equation is merely a restatement of the -teady-state condition: Rate
of production into level j equals net ratc of decay from all levels. Equa-

tions {42) and (43) may be combined to yield
N dp-ndg) = @ondys . 44
D oy dyg- mdg) = G- o) g (44)
k

For j= 1, the left hand side is justf], Eq. {19a). Accordingly, this ex-
pression may be interpreted as the steady-state form of a rate equation

for the population of level 1,
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n, = 0= (nl— ﬁ1)71+(p , (45)

underscoring the fact that emission and absorption of photons must be

accompanied by atomic decay.

As pointed out earlier. an equivalent way of calculating the emitted

'1 is to solve the ¢nsemble-averaged density matric equations of

power at Q
motion in the steady state and obtain the induccd polarization. In the latter
approach one dues not generally distinguish between single-quantum and
double-quantum processes. Also, the sclution of the density matrix equations
involves algebraic manipulations quite diffe-ent from those used above.

This approach is presented in Appendix C. Thre method of solution is more
or less standard, except that in the perturbation approach employed one of

the applied fields may be taken as arbitrarily large. The final results

are, of course, in complete agreement with Eq. (39),

B. Doppler-Broadened Response

Having obtained the power mitted by the atoms moving with axial
velocity v, it is now necessury to sum over the entire distribution of axinl

velocities, thus obtaining I(&Zl;e), the total emitted power at Ql:

I(Ql;e)= 2‘h$21!al?'lm S@(v,e)dv . (4,

In carrying out the velocity averages it is convenient to introduce Gj(v),

the velocity distribution of atoms in level j:

.

nj = NjGj vy ., S Gj (vidv = 1 . (47)

-




(2}
-1
1

with Nj the total number of atoms in level j. To an incident light beam of
propagation constant k the frequency breadth associated with G. may be
characterized by a "Doppler width" kuj, with uJ. as the most probable speed
of Gj' Where the velocity distributions are thermalized, the Gj(v)'s are
Alaxwellian. In some applications of Laser- Induced Doppler l.ine Nar-
rowing, however, the -clocity distributions are non-thermal and may even
deviate considerably from Gaussian form. (Sce, in particular, discussions
of the atomic oxvgen laser, Refs. 3, 7, and 20.) In general, the integrals
involved in obtaining (46) depend upon the specific form of the Gj's.
Nevertheless, because in the present case we arc considering the fully
Doppler-broadened limit y¥/ku << 1 [u and y characterized the magnitudes
of the most probzble speeds (uj’s) and the natural widths (yj'S), respectively]
the resonant behavior of I(Ql;e) hecomes largely independent of the Gj's
and it is possible to perform the averages without recourse to their specific
form.

The velocity averages are carried out in detail in Apnendix D,
Briefly, the velocity dependence ofﬁ(v;e), which enters through Ly (Q'l)and
L, (25), Eq (36a,h), and R(Q'l, Q'z‘,, Eq. (36c), as well as ng, Eq. (47), is rather
complicated in its present form; therefore, as a first step,ﬁ is rewritten

in a form consisting of ierms having velocity dependence of the type

-1
HI (W= G.(v) < | (@+iy)+ky L ereiv) skt L e

[

. o ] . .
in which w, ',y and ' are real and y andy'> 0. As shown in Appendix D,

in the Doppler limit y/ku << 1,
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* . (znk‘)c.(T“)
VHj- (v)dv = ] X (19a)

5 (w+iy)+E (ot +iq?)
Kt
and
0
SH.”(-V)dv =0 . (49b) {
- Q0 J

Using Egs. (49) and then recombining the velocity averaged terms, one

cbtains a remarkably simple expression for the total emitted power at Q' - |

1
I(SZ-€)=2"rﬁcla-12fw (A, /k,) |
1 T 01T (50)
2“1 181° 1 1
S ey ;O—.Q\\'Oz(Az;lkz)In;l o ‘ - o = >
&
Here, w. = ck_,
J J
“.ij {v) = Ni Gi (v) - \YJ Gj (v) o (51)
BiT8imep 62)

Q is the factor by which the saturated levels oi the 0-2 transition are

hbroadcned;

Q= "1+ —-———".’ l . (H3)

and ¢ specifies whether El and E, propagate in the same :voction (€ = +1)

or in opposite directions (¢ = - 1),
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Equation (50) predicts a sharp Lorentzian decrease (for N> Ng)
superimposed upon the broad gain prefile, an effect due to the nonlinecar
coupling of El (z.t) and Ez(z, t;e). Tre center frequency and width of this
resonant decreasc are dependent upon the relative propagation dircctions
of the applied fields. When El and l'22 propagate in the same direction

(¢ = +1 case) the change signal is detuned from w,, the center of the 0-1

Doppler profile, by an amount Al = g-l A, and is of width

9 2

- | ©1 ; |

On the other lLiand, when El and 1'12 propagute in opposite directions

(¢ = -1 _ase) the change signul uppears it a frequency detuned from @y by
Al =21 A, and is of width
w() -t
s T G T W G - 2

which is broader than IN by 270(9, twice the saturated width of the middle
level. The frequencics at which thee =+1 ande = -1 change signals occur
have the following significance. Due to the Doppler effect, each applicd
ficld couples resonantly onlv to atoms within a narrow band of velocitics.
R: ferrirg to Eq. (2), it can be scen that K, resonates with atoms of

veloeity near vy given by Ql- k1 vy ey Similarly, E2 resonates with

1
atoms of velocity near v, given by 522- ¢ k? Vo© Wy In general, the
velocity bands centered at Y and v,y ure distinct and do not overlap. Tlow-

ever, at particular frequencies of the applied fields, the two bands will

merge into a single one.  Equating vy and vy for e =+1, this condition is

Wi
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scen to be
A, e =2 A2 , (56)

which is the location of the center {requency of the corresponding change
signal.

Evidently, the applied fields can couple to each other most effectively
when they rescnate with the respective transitions of atoms within a narrow
band of velocities. Complete substantiation of this point follows from a de-
tailed inspection of the frequency behavior of the rest frame response--
determined hy the corresponding transition rutes -- tor a particular atomic
velocity band. A full discussion is deferred to Section [IIA, Several re-
marks, however, may he uscful at this time. A glance at Eqs. (33) and (34)
reveals that .121 and JOl are rather complicated functions of Q'l and 9'2.
Furthermore, the frequency characteristics of JOl are quite different from
those of le. In the fully Doppler-broadened limit, however, a number of
simplifying cancellations occur and many details of the responses of in-
dividual velocity bands average out. In fact, in this limit the velocity-
averaged 2—1 transition rate becomes equal to the negative of the 3-
dependent portion of the 0--1 transition rate, a fact responsible for the
particularly simpie form of the final expression for the emitted power,

Eq. (30).
Despite the fact that thee =+1 and ¢ = -1 change signa:is are symme-

trically located about the 0 -1 center frequency, the corresponding widths
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differ. This asymmetry results from the resonant behavior which enters
Jo, and J,, through the quantity R = [(Q'l- Q!Z) -wigl-ivgy =

[(912- wlg)- i 721] -v (kl- & kz). Nnte thai in conirast to Ll and Lz, the
velocity dependence of R differs strongly for ¢=+1 and ¢= -1, particularly
if w, and w, are comparable. For example, in the important case in which
fwy-w, | v/ie << Y91+ R {¢e =+1} becomes essentially velocity independent,
while R {¢ = - 1} remains strongly velocity dependent. Bearing this fact in
mind, the different widths of I'N and Ip can he und erstood by inspecting
(33) and (34). See Section IIIA for furthcr details,

As discussed in Appendices C and D, the preceeding remarks also
apply to the other level configurations of interest. IFor example, the ex-
pression for emitted power for the "V" configuration [Fig. 2(b)], which
is the inverted version of the level scheme treated in this section, is
given by the negative of En. (50), as one might expect. Equation (50) also
descrihes the power emitted by the cascade configuration [Fig. 2(c)]  hen
the factor ¢ Q appearing in the imaginary part of the denominator is changed
to -¢ Q. This has the interesting consequence of interchanging the positions
of the broad and narrow change signals (for a given value of 92), a

"geometrical" effect arising from the different way in which the fields

co.ple to a cascade system.

C. Extension to Standing-Wave Fields

The extension of the above considerations to cases where one or




]

w

©2
1

both of the applied fields are in the form of standing waves is straight-
forward. As discussed above, nonlinear coupling occurs when two (or more)
travelling-wave fields, at least one of which can saturate its transition, are
Doppler-shifted into resonance with the same narrow velocity hand of atoms.
As noted in the introduction, cach standing-wave field may be decomposed into
travelling-wiave components of equal amplitude propugating in opposite
directions. As long 25 the strong field is detuned from the center of its

broad Doppler profile (i.e., !322 - Ly > 720), its components resonate with

atoms in distinet bands symmetrically located shout the center of the velocity

distribution. (In this respect the tuning of a weak standing-wave field is
unimportant. since its travelling-wave components cannot couple to one an-
other.) Then the nonlinear coupling can occur only when the frequencies of
the applied fields are such that one of the travelling-wave components of the
intense field and one of the weak field are Doppler-shifted into resonance with
the same band of atems. One such possibility eouples togethoer travelling
waves propagating in the same directions and will be recognized as the
e- +1 condition of Eq. (56). In addition, there is the possibility of
coupling between oppositely-propagating travelling waves, which is just
the ¢ = - i condition of Eq. (56). Consequently, the broad and narrow
resonances appear simultaneou: 'v, svmmetrically locateda about the
0 -1 center fi equency.
To illustrate the preceding remarks, consider an intense standing-

wave field of amiplitude 2 .E(z) and a weak travelling-wave field of amplitude

0

El resonating with the respnctive transitions of a Doppler-broadened three

leviisystem, For the presep’. assume E, to be detuned from w,. This




situation is directly applicable to the example presented in the introduction
where }‘Il(&.’l) probes the lineshape of an optical transition sharing a
common level with an oscillating gas laser transition (Fig. 1),

For conereteness, supposce the velocity distributions Gj(v) {Iogq. (47) ] arc all
Maxwellian at temperature T: In the absence of the laser field (Fy= 0},

4(?21), the spectrum of power emitted at the probe frequency, is just:

Dy 2
J ol @)- (ND—NI)ZL‘?l'Lllz_ e (57)
K\UAT
which defines # (Q."), the usuai expression for power emitted by the Doppler-
broadened 0 - 1 transition induced by weak travelling-wave field El; here,
u = (2« TjM)ll2 is the most probable speed, M 1s the atomic mass, and «

is Boltzmann's constant. In the presence of the laser field, 4 (Ql) is

strikingly modificd: from thee = +1 and €= -1 cases of Eq. (50) ore obtains,

(58)
S 02 . .

4(91).,&(91)‘ 1+ 2ozt %/"*Q “1m>/ Q =+ w‘ T ‘j
i. X ( g _ d It
Ng= N, 0% < (A1+qw2 AJ)+|-ZB (8, 0621%)“'2m

50 that narrow and broad chiange sipnals idertical to those described above
for the travelling-wave case appear simultancously on opposite sides ofwl.
In a number of important applications Y1772 << Yo causing 1’N and I‘B to
differ enormously,

Eauation (58), which was originally presented in Ref. 7 , has been

written in a form valic for both casciade (g - -1) and "inverted-V" (g = +1)

coupling configurations, Figs. 2(c)and 2(a), respectively. The corresponding




expression for the "V" level scheme, IFig, 2/b), is given by the negative
of (38) with y=+1. These statements are based on the extension of Eq. (50)
to the other coupling schemes, as outlined in Appendix D. Secec also the

remarks at the close of Section IIB.

In the case of weakly saturating laser field, TN reduces to

w w
2(-ylo+ % Yoo~ yo) and I‘B to 2(710+C§é 720), which agrees with expres-

sions previously obtained by other methods. & B It is easily seen that

in that limit, by symmetry, the case of Wy > @, may he obtained by simply
interchanging w, and w, in (>8).

The interpretation of (58) as it applies to the spontancous emission
version is presented in Section II"B.

Equation (58) is valid as long as the intense standing-wave field is
detuned from its atomic center frequency. When hoth fields are tuned to
the centers of their respective gain profiles all of the travelling-wave com-
ponents can couple to the same atomic velocity band (nameily, the one with
negligible component of velocity along the z-axis). Consecquently, the above
considerations, which are based on the coupling of pairs of travelling waves,
(2)

becomes inadequate. A standing-wave analysis which specifically includes

this possibility has described the third-order interaction of El and E_ for the
special ~ase in which levels 1 and 2 of the "V" configuration [Fig. 2(b)]

are assumed closely snaced (! wg- wli v/ie 7 v). [Note that the analysis

of the cascade configuration, Fig. 2(c), in which the middle level lies

about half-wayv betv.een the other two levels, follows icentically.] The

28)

analyvsis |, based on a density matrix calculation, shows that as Ez is




tuned close to the center irequency of the 2 - 0 transition an additional
contribution to {(Ql) arises. The latter contribution, however, may be
neglected in virtually all cases of interest because it originates in a

polarization witk spati ‘1 variation other than that of the inducing field.

Specifically, Pl (7, t), the velocity-averaged polarization at frequency

Q, induced by a pair of standing-wave fields E, (7, t) = Re IE? cos klz expi(llt}
) - i
and E2(7" t) = Re JLEg cos kzz exp int‘l, is of the form(z),
J
P.(z,t)= Re [X cos k,z+X s (2k,- k )7\l E° mlt (59)
1. 1) = ia s kyz+X co: 9 14){ 1€ . b

where Xy and Xb are the complex susceptibilities associated with the response

at SZl. The former term is due to the interaction of pairs of travelling-

wave components as discussed above, and may be obtained in our treat-

ment from the sum of the ensemble-averaged polarizations x (v, e=+1)

and x (v, e= -1} [Eq. (C14)] irtegrated over veiocities. The latter term,

in contrast, is due to the coupling of several travelling-wave components

and only becomes large wheu Ql and 92 are tuned close to their respective

atomic center frequencies. We are thinking of a polarization induced in a

sample cell placed with a resonator. The net emitted power may be

obtained from the time average of I"l (z,t)El(z, t) integrated over the

volume of the sample cell. Consequently, the Xa term leads to a contri-

bution to the emitted power identical to the limiting expression of lqg. (58)
2

for Wy R W, and iBIz << %”. This contribution is proportional to the length

of the sample cell and is independent of its position within the resonator,




di‘,“@

In contrast, the contribution due to the Xb term vanishes when the applied
fields are detuned several natural widths from their atomic center fre-
quencies. Furthermore, for Sll and 92 tuned close to their center fre-
quencies the latter contribution is highlv sensitive to the exact location
and length of the sample within the resonator, and in virtually all cases
of interest is either negligible for all iocations witk'n the resonator. or
may be positioned to become so. Inspection of the treatment of Ref. 2
indicates that these conclusions are also applicable for cases where

wl¢w2,




111, APPLICATIONS AND DISCUSSION

In this Part important features of the preceding analysis are

illustrated by means of several discussions and applications.

. Frequency Characteristics of the Rest-Frarme Response

It will be recalled that the Doppler-broadened line shape was
obtained by summing the ensemble-averaged response of a particu-
lar velocity band over the distribution of atomic velocities. This
response was formulated in terms of le and J01 |Egs. (33)and(34)],
the transition rates associated with the emissior of photons at Q;.
Let us now inspect these quantities in the atoms' rest frame, prior

to Doppler averaging. To avoid unnecessary detail, consider the

limit of these expressions for weakly-saturating E, (I 1§ 12 << 72).
From Egs. (35) - (38) one finds:(zg’
N 2 2, 1 | 1 141 1
J, (Q Q)=25QIIB!Re—l-——--—--——(—-—+ )] (60)
21 1’ 2 ' Y B e x *
0 Lyl R L™ L,
. v .2 7o 3
001(91, 92) 2) a i 5 +J01 ' {51a)
ILll
3 2 .20 0 i 1 101 1 1
I = 2lal %1 81%m]| - — SO B S ) (61b)
01 ®Q Y, % R‘l % % !
L b LS by
LoLy Ly Ly

As explained earlier, J21 is the 2 =] transition rate, due to double-

quantum exchanges with the appiied fields; the first term of JOl is

the 0 —1 single-quantum transition rate in the absence of Ez; and

the second term, which we have denoted as J ca2serines the nonlinear

or
dependence of the 0 =1 transition rate to lowest order in Iy,
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The frequen :y behavior of J.,1 and JO1 18 determined by the

] 1
quantities L1 = (Q1 = m;) +iy L2 = (-92 + wz) +iy and

10’ 20
t t
R = (Ql = wl) = (92 - Ww,) - i79 appearing in the denominators of
“ 1

-

the various terms of (60) and (61}. These quantities exhibit distinct
types of tunability: Ll -l and Lz—l may be associated with the usual
two level behavior, in which one of the applied fields resonates with
a pair of energy levels; R-l, on the other hand, involves the frequency
of both fields and becomes large when their separation approaches
the 2-1 level spacing. Terms involving Ll—1 and Lz—l together are
strongly enhanced when

Q;—'w

1
&,

1
S (62)
simultancously, a condition equivalent to Eq. (56), as discussed in
Section IIB. Terms in R-l are also enhanced under those conditions.
Note, however, that R—l remains resonant for thc less stringent

condition

L, - =T w " @) s (63)

which does not necessitate resonant coupling of the two level type

[Eq. (62)]. Close to resonance [Eq. (62)] Iy and J('?i exhibit different
line-shape characteristics. Nevertheless, in this region they are
comparable in magnitude. A few natural linewidths away from
resonance, however, J21 begins to dominate, becoming larger than
JO'? by a factor ~y/ 'L, '. In fact, in this limit J, reduced to the

.y . Co 30
familiar expression for the Raman transition ratc,( )

s —

2

J‘) — 2w

21 : (64)

RI%IL
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and JOl becomes negligible. Thus, double-quanium transiticns
predominate when level 0 is detuned from resonancc., These
features have been well substantiated(%) in the microwave region,
as stated above,

In considering a pair of applied fields resonating with a broad
atomic velocity distribution, it is possible for atoms within a par-
ticular velocity band to satisfy condition (62); consequently, ir our
case JOII and le contribute comparably to the velocity-averaged
response,

The foregoing discussion is directly applicable to the other

energy level configurations of interest. Note that in extending

these considerations to the cascade case [Fig. 2(c)], the "Raman"
1

condition [Eq. (63)] should be replaced by : Q,

+ 9'2 = W, + Wo.
See Appendix C for further details.

So much for the frequency response of a particular velocity
band. The Doppler-broadened response is obtained by sumrning
this quantity over the entire distribution of atomic velocities. As
pointed out earlier, in the present case these averages [Eq. (46)]
have been carried out in the fully Doppler-broadened limit { y/ku<~<1),

resulting in a number of cancellations which greatly simplify the

final expressions. Thus, in thic limit the velocity average of J,,
;

o1

This may be easily seen ir. the special case of weak saturation of

becomes identical with the negative of the velocity average of J
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the 0-2 transition, Eqs. {60) and (61), where the first term of
Joi averaged over a broad distribution of velocities vanishes; the

remainder is equal to -J It is important to point out that such

21
cancellations do not occur in higher orders of y/ku. For instance,
the complete cancellation of Yo in I'y which occurs in the case of

(wl/wz) ~ 1 (see Section IIIC, below) does not occur in the next

order of y/ku.
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B. Spontancous Emission Line Narrowing Effect

We turn next to the manifestation of the Laser-Induced Doppler [..ne
Nurrowing Effect appearing in the profile of spontancous emission from

either of the levels of a Doppler-broadened gas laser transition, In this

case the interaction of a starnding-wave laser field with the 2 - 0 transition
(Fig. 3 ) considerably influences the 0 -1 profile of spontancous emission as
observed along the laser axis. This influence arises both through single-
quantum and double-quantum exchanges with the radiation fields in a
manner completely analogous to the induced emission case, and the resulting
line shapes areidentical. In fact, the 0-1 spontancous emission spectrum |
follows the spectrum of emission induced by a weak monochromatic probe
field tuned through the resonaznce when the population of level 1 is ignored.
Accordingly, Eq. (58) gives the required spontar cous emission spectrum when
N1 is set equal to 0 andﬁ(ﬂl) is interpreted as the usual unperturbed Dopoler
profile (E,= 0} due to 0 -1 spontancous emission. In the quantized field
caiculation of Ref. 43 the laser-induced spontaneous emission profile is ob-
tained directly. Those results are in exact agreement with the weak satura- -
tion limit of our recults as they apply to spontancous emission, given below.
'To amplify the foregoing remarks on the applicability of the classical
field treatment to the spontaneous emission case, recall the discussions of
Seetion IIA, formulated in terms of the response {(in the atoms' rest farme)of a
particular velocity band of three level atoms to @ weak monochromatic probe
field. E'I(Q'l)_. as influenced by a secondfield, E'Z(Q'z), strongly intcracting with
the coupled transition. Suppose that the monochromatic probe field is replaced
by a wave packet distributed in frequency about Q'l over a narrow interval
dQ'l << ~+ and incident in a given direc.ion within a small solid angle
dS: Then all of the considerations of Section IT A foliow identically, where the

field intensity cE‘l’z/Bir is interpreted as an average quantity,
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Since dQ'1<< v, the response at Q'l is independent of the specific
form of the frequency distribution of the wave packet. Accordingly, let
us express this average field intensity as

2

= I(lﬂ'ldS , (65

where [ represents the average intensity per unit frequency interval and
solid angle. Interms of v, the average nuiaber of light quanta per mode
of the (polarized) radiation field, the field intensity becomes

. eyt
IdQl (]S =V8——-1dnlds o (66)

7T3C

The transition rates, Jik’ representing the absorption and induced emission

processes describcd in Section ITA, may therefore be written in terms of 7 by re-
2

o

placing ES? in Egs.(33) and (34) by 7 (12 %/r%c*)anlds . (Note that E?"‘
enters into Eqgs.(33) and (34) through lalz, defined as lplOE(l)/Zﬂlz.) To

explicitly emphasize the dependence on v, let us write
- ' 2
T =V ?ikdﬂlds (67)

. 2 .13 2 3 2 ;
with gikz({ulol Q, [4hTc )Jik/ la!”. The effect of spontancous
emission at frequency Q'l may be included by simply replacing v by v+ 1
a1
in the emission rates, J.,1 and '101'( )Ccnsequently, forv =0, the 1—0 and

1— 2 absorption rates vanish, and the 0—1 and 2— 1 emission rates reduce

' ' 9 s 9 o8 -
to 301 49} ds and @, 49| dS, respectively. Using Egs. (192) and (19b)
the power spontaneously emitted in frequency interval dQ'1 and solid angle

dS is seen to be
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' —
1‘\91(r10$m+ n.zgm)dsz“dh . (68)

Note that in this expression the n, cocfficient has vanished because
for v = 0 the absorpiion coefficients,31o and 120 alsn vanish,
Yor {31 O 0 Eq. (68) reduces tothe usualexpression {or spuntaneous emission
from the 0 -1 transition. In applving this formula one should interpret u 0
as L\w;‘(ﬁ)?j ~:d/0 (-I-{.)d:;R where :1 is the electric dipole operator, ?2 is the
polarization of the laser fiela, and'?1 is the polarization of 4 spontaneously
cmitted nhoton. Thus, the anguluar and »olarization properties of the
spontzneously emitted radiation depend on the characteristies of the partie-
ular states involved.

Doppler broade:..ing and standing-wave effects may he included
in exactly the same way as in Sections I[IB and IIC, respectively, con-
sidering cornt-ibutions only from thut portion of the spontancous radiation
emitted into a small solid angle in the forward (+7) direction. Thus,
as siated above, the spectrum of spontaneous emission from the §-1
trarsition is given by ©£¢q.138) with E\'1 =0 and ;6@21) interpreted as the
usual Doppler-nroadened spectrum ol power emitied spontincousiy into
r]Q,lflS with given polarization in the absencae of the 1o or ficld,  Fquation
(58) has been written in the form valid for botn folded (o= +1) and caseade
(0= -1) cases, Figs. 2(a) and 2{(c). Suppase, for exumple, the laser ficld is
tuned t¢ a frequency below its center frequency, Wo! Then the 0-1 spontane-
ous emission change signals in the cascade cese, which result primarily
from double-4uantum transitions between levels 2 and 1, are in the form of
resonant increases, with the I, reconance above w,, the 0-1 center  fre-

N I

quency, anc the IB resonance bhelow W, (Fig. 3). In the folded casec,
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en the other hand, the change signals, which primirily result from single-
quantum transitions between levels 0 and 1, are in the form of resonant
decreases. .nd the positions of 1‘B and 1"N arc reversed [Fig. 1(b)].

This reversal is a purely geomeirical effect arising from the different
wiay in wh ck the fields couple to the respective transittons in the folded
and cascade cases.  (See Appendices C and D.) Similar conclusions were
aiso obtained in Ref. 4.

Double -quantum transitions are a phenomenon well known since
the early days of the quantum theory. Historically, Eherenfest(”}was
the first to suggest a model capable of correctly describing sequential
decays among levels. This model was motivated by the correspondance
principle and adiabatic thecorem of the old quantum theory. Results
based on the Eherenfest model were later found to be in agreement
with the quantum-clectrodynan.ical treatment of Weisskopf and Wigner.‘33)
These ideas were all formulated with spontaneous decay in mind. How-
ever, 1i1 the presence of an ‘ntense ficld and ciose to the resonance
condition Qll c Wy and Q.:e T w,y, dn additional effect becomes important:
"he intense field can considerably perturb the usual single-quantum
emission rate of a coupled transitim.,(lo)an cffect comparable in mag-
nitude with the double-quantum emission rate, Oilder treatments have
nct been concerned with the former effect; line shape bchavior of the kind
described ia this paper involves an interplay of both types of processes,

It may be tiluminating to outline the Fherenfest picture. (32, 33) Consider
the cascade systern of Fig, 2(c¢): following Ikherenfest, assume that when
an atom is in level j (energy cigenvalue: ﬁwi), the probability that its

energy lies in the interval between #x and t(x 4 dx) is & HOrenizian

centered anout f-.Wi and of width % «/].:




ﬂ(‘Yj/Z)dx

PJ(x)dx = (69)

W, - 2%y /2)
( j A Yj" -

(normalized to unity). Consider an awom initially in the upper cascade

state (level 2) which underwent decay via level 0 to Jevel 1, accompanied

and €, fin the atom' s rest
1 2

frame): the joint probability that the atom had cnergies #x, vy, and fz when

by two photons successively emitted at Q

it was in levels 2, 0, and 1, respectively, is P ,(x)l’O(y)F'.l(z). ividently,
'

1
the photons emitted in that event were of frequencies Q= x-y and @ _-y-z.

1
1 1
Substituting Ql and Q, into this probability expression and irtegrating

)
&

over all possible values of y, onec obtains the total probabhility of an atom

!
having successively em’tted photons at ) and Q;:
S} dy : . : —
' 2 0 . 22 2
(\sz_gz_y) + ("{2//‘2) (“VO-.)) + ('{0/2)
(70)
1

2 o2
(W2 =97+ (v, /2)
(The unimportant numerical factor has been set cqual to unity.) Upon
integration (which may be performed as in Appendix D) FEq. (70) yields a
result identical in frequancy dependence to the lowest order expansion of

c.r 2= 1 emission rate, Eq. (60) or, equivalently, the expression for'g.,l

obtained fron: Eq. (67). (Equation (69)is written in general form. Sec Table [1)

. . (5)
A recent d1scussmn( , formulated on the hasis of two-photon

transitions induced by a weakly-saturating laser field, has analyzcd

the frequency profile of spon*zneous emission arising from the lower

s
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laser level (Fig. 3). This discussion is presented for the limiting case

Y9, 0. It is easily seer that in this limit Eq. (70) involves a §-function,

becoming: 6(8’2'2 + Q'l T Wy wl)5 L, 1-2; the discussion of Ref. 5 is equiva-

lent to integrating the latter expression over the atomic velocity dis-

tribution for ¢ = +1 and ¢ = -1. In addition, Ref. 5 states the line-

shape result fcr arbitrary 75 a result in agreement with the weak

field limit (Q = 1) of our expresxion (58) as it applies to spontaneous

emission for ¢ = -1 and NO-—-O. The latter result utilizes the Eherenfest

model, being obtained by averaging Eq. (70) over vc!ocities.(34)
Sach an analysis, however, ignores the important role played

by background atoms, NO, pruiduced in jevel 0, discussed above, This

background population can he sizeable, since in practice the populations

of upper and lower laser levels often differs by only a small amount.

Th= extension of Eherenfest' s model to include this effect does not follow

in an obvious way. To emphasize the significance of the role played by

background atoms in level 0, consider a cascade system in which only

level 0 is populated {i.e. N, = N, = 0). Then in the rest irame of an

1
atom, an appliedlaser field at Q; wiil diminish the t-ansition rate at
S'Z'l , leading to two holes of width PB and 'y superimposed upon the
velocity-averaged emission profile--an effect entirely due to the depen-
dence of the single-quantum emission rate on the laser ficld intensity.

On the other hand, the analysis of Ref. 4 does include the influence

of these background atoms, although that treatment does not make explicit

the distinction between single-quantum and cdouble-quantum events.
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C. \Mode Crossing Experiments

The narrow resonance, ]:\" is being utilized in a series of preciston
mcusurements of hyperfine structure in xe ﬂon('lz)aml G-factors in atcmic
():-:ygen(lg)‘- In these experiments W, is close to wo and I is considerably
less than I‘B. Levels 1 and 2 are a pair of tunable Zed man components
optically coupled to a common level, level 0, and the monochromatic fields
El and 1*12 are two oscillating laser modes of fixed frequency separation de-
termined by the cavity length,  As the Zeeman levels are magnetically tuned,
resonant behavior vecurs when their splitting approaches the frequency sep-
aration between the two laser modes.  We shall therefore refer to this uffect(“)
as "mode crossing'. Important aspects of mode crossing have been pre-
sented in Ref. 2; some of these are discussed here, for completer.ess,
together with additional details.

A simple version of the mode crossing technique is shown in Fig. 4:
The output of a Brewster-angle gas laser oscillating in two modes is
attenuated (or amplified) as it passes through a magnetically tunable external
sample cell. The respective laser modes should resonate with the two
coupled Doppler-broadened transitions of the sample gas, For example,
in cases where the laser<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>